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Entropy of a One-Dimensional Mixed Lattice Gas
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This paper deals with the grand canonical entropy of a lattice gas mixture. The
entropy is a function of the multisite densities corresponding to the interaction
pattern of the system in question. It is first evaluated for a nearest-neighbor-
interaction, one-dimensional simple lattice gas to show how the structure of
bulk fluid is locally maintained. Generalization requires one set of interrelations
among multisite densities presented in closed form for an arbitrary lattice, and
one set between Boltzmann factors and multisite densities which is written down
for simply connected lattices. Application is made to two-row lattices, which
turn out to have local behavior from this viewpoint, as do all single-row or
Bethe lattices with complete range-p interactions. Nonlocal examples are also
given, and suggestions made for approximation sequences in general lattices.

KEY WORDS: Lattice gas; nonuniform fluid; entropy functional; nonlocal
response; mixture; nonneighbor coupling; Bethe lattice.

1. INTRODUCTION

Analysis of exactly solvable models has always been one of the most effec-
tive ways of reaching an understanding of the conceptual structure of a
quantitative field. But developing useful models is rarely a trivial under-
taking, and may require an expansion of the domain in which questions are
to be posed. Even in the restricted discipline associated with classical fluids
in thermal equilibrium, we are beginning to run out of simple models, an
asertion which depends upon the format in which we work. The current
standard for nonuniform fluids is the density functional formalism, in
which an arbitrary external potential u(r) can be accommodated via the
inverse relation

u—u(ry=08F[n]/én(r) (L.1)
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where u(r) is the density profile and F[n] the residual Helmholtz free
energy in a grand ensemble at chemical potential u. The functional F[»]
has been found explicitly>? for some simple models, and in each case can
be interpreted in terms of a free energy density which depends only upon
a few local averages of the spatial density n(r). Extension of this structure
to real fluids is a very active field (see, e.g., ref. 3), with verification in the
main restricted to numerical comparisons.

An apparently more grandiose approach might encompass both
arbitrary external and internal pair potentials, with the entropy functional
as the relevant generator. The point is this. For a pair potential interaction
#(r, r'), the grand potential Q generates both one- and two-body densities
n(r) and n,(r, r’) via

n(r)y=0[u, ¢1/ou(r)
ny(r, 1’y =26Q[u, ¢ 1/06(r, ')

The external potential can be eliminated in favor of n(r) by a Legendre
transformation:

(1.2)

FIn, 1= 20w ¢1+ | L= u(r)I n(r) dr (13)

resuiting in (1.1) as well as
ny(r, ')y =26F[n, $1/34(r, 1') (14)

But ¢(r, r') can similarly be eliminated, in principle, in favor of ny(r, r'):
I —
TSn, ny] =3 || matr 7y g0, 77y dr &’ — FUn, 4] (15)

so that

u(ry—u=20T S[n, ny1/on(r)

(1.6)
¢r,r')=20T S[n, n,/0n,(r, r')

The entropy designation follows from (1.3) and (1.5) in the form TS=
U— (G — PV). Although our ability to encompass both arbitrary internal
and external potentials in this fashion would be highly suspect if the func-
tional were to cover [n, n, | regions in which qualitative structural changes
were to occur, it has recently been carried out without difficulty for one-
dimensional classical fluids with nearest neighbor interaction. And there
is empirical evidence® that a major region of real fluids may be
describable by a simple entropy functional.
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In the present paper, we start a more systematic approach to the con-
struction of model entropy functionals by restricting attention to perhaps
the simplest nontrivial category of fluids, that of a lattice gas mixture on
the full one-dimensional integer lattice. Let us, for the purpose of orienta-
tion, consider first the thermodynamic limit of a uniform one-dimensional
lattice gas with nearest neighbor interaction J and chemical potential u.
The simplest attack® is to compute the number of configurations
{v,=0,1} of an L-site lattice which are consistent with N _ occupied sites
(v=1), Ny unoccupied (v=0), N, , adjacent occupied pairs, and similarly
Nos» N, Noo. There are clearly N, — N, , clusters of occupied sites
of length >1, determined by N, — N, , leading particles. These leading
particles can be selected from the amalgamated sequence of N, occupied

sites in
(x5,
N,—-N ++

ways. Similarly for the unoccupied sites, so that the total number of
configurations is

N N,

()
N /\Noo

Letting L — oo, with n, =N /L, etc, and observing that N, — N, , =
N,o, we have
S/L=n,Inn, +nylnny—n, Inn, (18)

—n olnn,o—ng, Inng, —nelnng

Alternatively, to make contact with (1.5) and (1.6), let w = e?**~* and
e=e " be the external and internal Boltzmann factors at reciprocal
temperature f§, so that the partition function in transfer matrix form is

z=vl(o )G )]
(o )

1 L
~<§> (1 +ew+s)~, where s=(1 —ew)?+4w (1.9)

=T

-

Hence

1.1
= _Blni(l—i—ew—i-s) (1.10)

N
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yielding
_ 0 Q 12w—ew(l—ew)+ews
"= W@wL_s l+ew+s
(1.11)
— eig_l—ew(l—ew)-l—ews
. deL s l+ew+s
On solving (1.11) for e and w, we find
Plu—pw)y=Infn /A —n )} +2In(l—-2n, +n, )(n, —n,,) (1.12)

fJ=—lnn, +2In(n, —n, )—-In(l—=2n, +n,,)

and quickly conclude from (1.6), in its uniform lattice form, that indeed
(1.8) holds, to within an additive constant.

In the following sections, we first show that (1.8), interpreted as
entropy density, extends directly to a nonuniform lattice gas. We then
introduce the entropy functional for a general lattice gas mixture
characterized by a local interaction pattern, and obtain a preliminary form
for the profile equations. For the case of a one-dimensional lattice with
fixed range of multisite interactions, and for a Bethe lattice as well, the
profile equations are found explicitly in local form, as is the entropy
functional. With this available as a tool, we show how reduction of the
class of pairwise interactions applies to a primitive two-dimensional lattice,
and continue by applying the same technique to bring in previously
encountered nonlocal behavior. We conclude by suggesting how the
present analysis may be extended to more complex but realistic fluids.

2. PROTOTYPE

The single-component, one-dimensional lattice gas with nearest
neighbor interaction and external potential considered in (1.7)~(1.12)
serves as a convenient entree to our discussion. Now, however, we allow
for full nonuniformity of interaction strength, denoted by J, ., ,, and
external potential u,, with corresponding Boltzmann factors e, ., =

“Bleni = eP—u) and — oo < x < oo an integer. The partition function
can therefore be wrxtten as

zZ= 3 ﬂemﬂ(vx,vm)ﬂw (v2) (2.1)
{vy=0,1} x
where

ex,x+ 1(VX) x+1)_e Blxxetvevesn

Wo(v,) = e A .
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Z converges if u, — oo sufficiently rapidly as |x| - oco. It is important to
note that with the above definition

ex,.r+1(07 OC):ex,x+1(a:'0)= 19 Wx(o): 1 (22)

We will be interested in singlet and successive pair densities, as well as
successive higher densities. It will be useful to generalize to the associated
particle-hole occupation densities, readily calculated as

Heqi(@)=Pr(v, =0a)
=Z, () Zx+1(“) w,1(@)/Z
T IS
=Pr(v, 1=V g =)

:Zx+1(a1) Zﬂx+q((xq) Wx+l(a1) “'wx+q((xq) ex+l,x+2(a1> O(z)

X "'ex+q71,x+q(aq+15aq)/z (23)
Here
Zx((x)= Z n ey,y+l(vy’vy+l)n Wy(vy) ex~1,x(vx~17a)
{vy=0,1;y<x71} y<x-—1 y<x
) (24)
ZX(OC)= Z H ey,y+1(vy5 vy+1) H Wy(vy) ex,x+l(a: Vx+1)
{vw=0Ly>x} y>x y>x

and Pr denotes probability. The corresponding particle occupation
densities are therefore n,=n (1), n, ., =n, ., (1, 1),...

The short range of the interaction together with the linear ordering of
sites is responsible for the factorized form” of (2.3). This factorization is
more usefully expressed in terms of a “superposition relation” among the
distributions, to wit

nx + Lx+2,..x+ q(al s aZa"-a aq)
=nx+1,x+2(als 012) ot 'nx+q—1,x+q(aq71a aq)/nx+2(a2) o 'nx+q~l(ocq~1)
(2.5)
which follows at once from (2.3). But of course there are also interrelations
between distributions and Boltzmann factors. In particular, we see that
Rxitx+ q(al T aq)
X [wx+2(a2) o wx+q—1(aq71) ex-l»l,x+2(a19 “2) T

X€x+q71,x+q(aq~la (xq):]kl (26)

822/60/1-2-15
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is independent of ay,..., «, . Thus,

..... x+q(a10 0 'an)

X Wx+2(a2) o Wx+q,1(aq,1) ex+1,x+2(a1= OC2)

Xex+471,x+q(aq415fxq) (27)

which we further specialize to

x+ 1, x+q(0“'0)
wa+2(a2)"'Wx+q71(aq71)ex+1,x+2(ala{XZ)"'
X€X+q,1,x+q(aq,1, O(q) (28)

The profile equations, ie., the expressions for e, ., ,(a;,a,) and

w.(o) in terms of the singlet and successive pair densities, readily follow
from (2.5) and (2.8). First, using (2.8), we have

nx~ 1,x,x+ 1(07 o, 0)
”x—l,x,x+l(0a Oa 0)

Wx(a) =

ex+ l,x+2(als OCz)

nx,x+ 1,x+2,x+3(07 %y, Xy, 0)
nX,x+ l,x+2,X+3(0a 0> 07 0)

x nx,x+ 1,x+2(0ﬂ Oa 0) nx+ 1,x+2,x+3(09 07 O)

(2.9)
nx,x+ 1,x+2(07 ala 0) nx+ l,x+2,x+3(09 Ay, 0)
and then, applying (2.5),
w (a):nxﬂl,x(oa O() nx,x+l(a:0) nx(o)
¥ nx(a) nx\ l,x(oa 0) nx,x+ 1(0, 0)
(2.10)

e (g, o )—HX+1,x+2(fx1, ;) nx+1:X+2(0’ 0)
1, 1 2]
x+1,x+2 > nx+1,x+2(a1’0) nx+1,x+2(0’ aZ)

If we set ay=a,=0o=1in (2.10) and recall that, since §,,+4, =1,
thCIl nx(o):l—_nx’ nx,x+](03 l)znx+1_nx,x+1a nx,x+1(17 0)=nx_nx,x+1>
and n, ., ,(0,0)=1—n,—n,,,+n, ., we conclude from (2.10) that
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Blu,—p)=Inn,—In(1—n,)
+In(l—=n, —n.+n, , )+Inll—n,—n, . ,+n,...1)
—In(n,—n, . )=In(n, =N, ) (2.11)
Blsirara=In(n,o—n i cpa) e —ne i)
—Inne o= In(l—n,=nca+no0)

which is the obvious naive generalization of (1.12). Furthermore, using the
ordered lattice version of (1.6) (the factor of 2 does not appear, since the
ordered expression n, .., is used), we see that the relations (2.11) are
generated, to within an additive constant, by

S[nxa nx,x+1]

=Z [nx 11’1 nx+ (1 _nx) ln(l _nx)'—nx,x+1 ln nx,x+1

- (nx‘nx,x-f—l) ln(nx‘nx,x-!—l)— (nx+1_nx,x+l) ln(nx+1-'nx,x+l)

- (1 —nx+1—_nx+nx,x+1)1n(1 —nx+1~nx+nx,x+l)] (212)

which is the obvious naive generalization of (1.8).

Finally, let us for completeness perform a partial reversion to recover
the free energy functional known from previous work.® This of course is
given by

ﬂF[nxo Jx,x+1] 22 nx,x+1ﬁJx,x+l _S[nxa nx,x+l] (213)

if we can solve for n, ., in terms of the {n,} and {J, ., }. In the present

case, there is no trouble in doing so, directly from the second equation of
(2.11). We find

Arxe1 =L = Nt ) =144, 011 12(1 =y 1) (2.14)
where
v =L —eq o Detn )—11P+4e, (I—e, .y ) non,
as well as
o=ty =[0—er)ne—ne )+ 1—ge 1 121 —e o)

Ryp1 7Ry xip1™ [(1 —ex,x+1)(nx+l_nx)+ 1 “qx,x+l]/2(1 '_ex,x-f—l)

l—nx*nx,x+1+nx,x+1 (215)
= [(1 _ex,x+1)(2_nx—nx+l)_ 1 +qx,x+1]/2(1 _ex,x+1)
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leading to the rather complicated
ﬂF[nxa Jx,x+ 1]
_Z[lnz xx+1) nxlnnx_(l-nx)ln(l_nx)]

+22(1 1 {0l =exns)mat ey ) =1+ Gunii]

—€rxi1)
xIn[(1—e, i )t y) =14+ G0541]
Il —egsi)—ne )+ 1 =g 41
xIn[(1—e. e )Ae—nr i) +1— s
L~ ) =0 )+ 1 =g 1]
xIn[(1—e, s )1 =) +1 =G0 xii]
T~ J2—ny =0 ) —14+q0500]
xIn[(1—e, e H2=ne=nx 1) = 144G, 5441
[l —eper )metne ) =1+ ]ne, i} (2.16)

3. GENERAL ENTROPY FUNCTIONAL

Let us defer specialization to one-dimensional or other simply
connected lattices until it becomes absolutely necessary to do so. We have
in mind then a periodic lattice with a full set of periods {x}, in which
any site y can be empty, v,=0, or occupied by one of D components,
v, = L., D. An interaction pattern will be characterized by a set of subsets
of sites A= {A;}, where each A4, contains the origin and no two 4, differ
only by a lattice period. This means that the total interaction energy of the
system, referred to the accumulated chemical potential, is given by

¢{v}:ZZ¢[x+A,-][vy;yex+Ai] (3.1)

For example, in the case (2.1) of external potential and nearest neighbor
internal potential on a one-dimensional integer lattice, but generalized
to D components, then 4,=[0], 4,=[0,1], and ¢ .(v)=u,(v)—pu,,
O e 1(v,V)=J, (v, V). In order to separate the contributions of the
various 4;, we will again adopt the convention that ¢ vanishes if any of its
sites is empty:

PixvaplVy, yex+4,1=0 (3.2)
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if

The grand potential

O[] = —Lin Y eFol (3.3)
{vy}

now serves as generating functional for the multisite densities corre-
sponding to any interaction cluster:

Rreranlo,; yex+ 4]

—_ Z < H S, a-) Py —2{v})

{w} \zex+4;

=0Q[P/0¢(+ aglay; yeX+4,] (34)

Joint densities belonging to groupings not present in the interaction pattern
must be obtained via successive differentiation, as indeed can any of the
multisite densities of (3.4).

The dependence of 2 and the {n,, .7} on the {¢, , 4} becomes
very sensitive in the vicinity of singular thermodynamic regions. This
suggests an inverse formulation,® in which the {n,, ,;} are taken as the
independent variables, a suggestion which is reinforced by the exact
solvability of a number of model systems in inverse form. For the inverse
formulation to exist, ¢r,, 47 must be solvable uniquely in terms of the
Mpx+ 4,1, but this is automatic if the system may be approximated as one
with a finite number of degrees of freedom: then Q is concave in {¢}, since
0%*Q/0¢ 8¢ = —B{(n—n)(n—n)) is negative definite; hence ¥ ng—Q is
convex, with a unique minimum at n=0Q/0¢. To switch to the full set of
{n;x, 47} as independent variables, we perform the complete Legendre
transform

TS[n[x+A,»]] = ‘Q[QJ +ZZ ¢[x+A,-][“]”[x+A,-][°‘] (3.5)

where o denotes the full set of relevant site occupations. The identification
TS follows most pictorially from that of the right-hand side as PV + U —G
in a uniform state, but more precisely from the fact that now

Prx+an(@) = 0TS/Onpy, 4qla] (3.6)

Our objective is to find the explicit expression TS[n,, 4] for a given
interaction pattern 4. The simplest path to take is that of first expressing
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the {@r.. 47} in terms of the {n;,, ,7} and then using (3.6) to determine
TS to within a trivial additive constant, obtainable by choosing any special
solved example. It is convenient to divide the task into two parts, as in
Section 2, the first available for quite general lattices, the second requiring
intense specialization. Suppose then, to start, that we focus on a subset of
sites C whose mutual intcraction is to be found in terms of available
density information. For this purpose, we now surround C by enough
empty sites that C does not interact with any other sites of the lattice.
Clearly, this requires expanding C to a C covering all sites reached from C
by some element in A:

C={y|y—zeCforsomezed,} (3.7)

If this is done, then {v(y)} for ye C will be coupled only via the total
interaction ¢” in C. In other words, we have, in obvious notation,

nee—cla, 01=nce_c[0,0] exp(—polal) (3.8)
to be “solved” as
Botlal=Innces_[0,0]—Inne e [a,0] (3.9)

Equation (3.9) is almost our desired expression. It can now be used
inductively to find ¢, 43[a]: choose C=[x+ 4,], and observe that

¢[Tx+Ai][(X]: Z ¢[,V+Ai][a] (310)

nily+A4j=x+ A4)

But of course (3.4) and (3.10) require knowledge of densities other than the
Nreta7- To reduce our expression to this information requires strong
assumptions on the form of the lattice.

4. CONSEQUENCES OF LATTICE DECOMPOSABILITY

If interactions are restricted to a finite range p, then fixing the occupa-
tions of a set of sites C of diameter p will make it difficult for sites outside
of C to influence each other. Diameter, for our purposes, can be defined as
the maximum number of vertices on a nonintersecting path on C. This is
the basis of the shielding approximation for substrate-bounded fluids."'”’
For a lattice which is simply connected, only one path connects a given
pair of sites. Fixing the occupation of such a set along this path literally
decomposes the lattice into two or more independent parts, and in par-
ticular decouples the pair of sites in question. Under these circumstances,
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all densities can be obtained in terms of those on C and its relatives,
allowing us to complete the evaluation of (3.9), (3.10).

To be explicit, suppose first that we have a one-dimensional integer
lattice with all 4, 4 of diameter <p+1. If ¢= p+ 2, the conditional
density

nx+l4--_>c+q(a1aq|cx2“.a"‘l)

:nx+1~-x+q(<11az "'aZ)/nx+2---x+qfl(d2 : "aqfl) (4.1)

then decomposes appropriately. To sec this in detail, observe that now
(2.3) generalizes to

nx-f—l--~x+q((x1 "'(xq)

=Zx+1~-<x+p(a1 "'ap) Zx+q+1~p--~x+q(aq71——p'““q)

X{eXP[—ﬂ¢§+1...x+q(°‘1"'%)]}/Z (42)
where
p—1
Zx+1---x+p(vx+1"'vx+p)= Z H H ey,y+1---y+5(v.V’"" VJ’+5)
{v}=0,1;)<x} y<x s=0
Zx+q+14p--~x+q(vx+q71~p“'vx+q) (43)
p—1

= Z H H eyfs ,,,,, y(vy—s"'vy)

vi=0,y>x+g} y>x+q s=0
¥

It follows at once that

nx+1--~x+q(:x1{xq|a2 . “aqfl)

Z

) Z
») Z

x*“"xﬂ’(al”' X+q+1—p---x+q(aq+1—p"'aq)

KR | R

Zx+1_,,x+p(d2"‘ x+q+1-p---x+q—1((xq+17p"'o‘qfl)

XEXp[—ﬂquJrIH_X”((xl ”'ap) eXP[—ﬂ¢f+q+1—p--»x+q(“q+17;}"'“q)]
I”x+1-»-x+q—1(°<11“2'"“qfl)”x+2---x+q(%!0‘2"‘%71) (4.4)
which in the form

nx+l-~-x+q(a1 "'fxq)

:”x+1---x+q—l(a1 "’o‘q-l)nx+1-~x+q(a2""xq) (4 5)

77x‘+2--.x+q—1(0‘2"'%—1)
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allows us to conclude by induction that

—p—
nx+1~--x+q H Rxti+4s.- x+1+p+s((x1+5“'a1+p+s)

s=0

—p— -1
[ 1—[ Nytoys. x+1+p+s(a2+s (x1+p+s):l
(4.6)

Suppose now that A includes «afl interaction  subsets
A;= A7+ =[0,..., p] which contain 0. Equation (4.6) is first written more
concisely as

A <A A'cA
nlcd= 1 nAf[a']/ M o] (@.7)
IA’I/:Cpm+1 Igy’l;ap

where A’ is connected and |4| = p+ 2, connected. Here, as always, [«]
indicates the relevant occupations for the density in question. In order to
determine the entropy for the interaction scheme A, we will choose as inde-
pendent variables all multisite densities n, [a] of diameter d(A)< p+1,
ie., those of the form n,, ,[a]. Furthermore, since 6,o=1-2,.09,.,
only those with no unoccupied site, [ ], «,>0, are independent. In the
present case, (3.9) reads

ﬁ¢xT+ A,»[OC] =In nx—p+A2P+d(41)[0]
—nn, 4. [Azp+d(A,-)~(p+A,)][a, 0] (4.8)

and so, applying (4.7), we quickly find, for any A with d(A4)<p+1,

AL #F /
poilal= Y (=17 nn, [0]—1nn, 4 4 4 4[a',0])
A" =p,p+1
<o (49)

To recognize the entropy from its derivatives, we must start by
observing that, again from 6,,=1—-3,.09,,, if >0, a’ >0, then
anA',A _4Le,0]/0n 4 [0"]
-1 | A" — A7 if A A" A, ’ ”"
=D cAdlcd v (4.10)
0 otherwise.

The notation « >0 means that the components «, >0 for all x. It is sim-
plest now to write down the entropy as the obvious extrapolation of (2.12),

S=Y Y (=1)"*MIn,[a]lnn,[a] (4.11)

a |dl=p,p+1



Entropy of 1D Mixed Lattice Gas 233

A running over contiguous (connected) subsets, and then verify that the
full set of interactions is thereby produced. For checking (4.11), we first
separate out the empty sites:

S=Y Y (=1 Mg, w01, [0, 0] (412)

x>0 Acd
[Al=p.p+1

and then apply (4.10), using quotes for a tentative identification,

“Bpofa' = Y (=) AMnny, Lo, 014+1)  (413)
Aacjac/!
[Al=p.p+1

It follows from (3.10) [the +1 in (4.13) cancels out] that

[l =p,p+1

“Bpl.la 1= Y (=0T, o[, 0] (4.14)

o et e

AcA”"<A
gFEA" A"
But it is clear that
A" % X ; ) A" # K } .
Y, (=nrM= Y )M =6, e (1 =04 ) =045
A'C”A”CWA A'cA"cA- A"
A= (4.15)
so that (4.14) becomes
A
“Bpllo" 1= Y (=D MInn, g4 4. 40[a, 0]
A= ppt 1
A A"
- Z (—1)?* ' nn,[0] (4.16)
jAl=p.p+1
A A%

identical with (4.9), and hence verifying (4.11).

If the lattice is not one-dimensional, but at least simply connected, e.g.,
a Bethe lattice, very similar considerations apply. The crucial generalization
is that of (4.7), which, on similarly nibbling away from the outer vertices,
now says that, if d(4)> p+2, A connected, then

A=A A A—3aA
nlel= 1 nA,[a'J/ [ e @17

d(4)=p+1 dA)=p
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running over maximal connected 4/. Maximal denotes the inclusion of all
vertices which do not change the diameter, d4 is the set of boundary points
of 4, and ¢, is the number of (p + 1)-diameter maximal connected A4” to
which A’ belongs Equation (4.8) generalizes in the obvious way, and if all
subsets satisfying d(A4)< p+1 occur in the interaction pattern—which
need not be translation-invariant—then the extension

Amax conn

S=Y Y (=), —Dnfe]llnna]  (4.18)

x dA)y=p,p+1

following the path from (4.12) to (4.16), serves once more as the common
generating functional in #, space.

5. INTERACTION SUBPATTERNS |

The simplicity of the result (4.18) is of course due to the fact that the
interaction pattern is closed in the sense that the inclusion of a subset 4,
requires that of the subset A, containing all paths of diameter <p+1
between two sites in A,, as well as any subset of 4,. This condition is
required in order that the crucial interrelation (3.9) utilize available multi-
site densities alone, the insertion of empty sites implying, according to
0,0=1—2..00,. that of sites of arbitrary occupation. In principle, any
description between that of the grand potential, a functional of the ¢,
alone, and entropy, a functional of the n, alone, is available by Legendre
transform, but the entropy picture, when available, is certainly the simplest.

We will want to apply two types of constraints to the closed interac-
tion pattern. Indeed, the entropy formulation gracefully absorbs constraints
either at the {¢} level or at the {n} level. To see this most economically,
we divide the interactions into two subclasses, say {¢,, ¢,}, and corre-
spondingly divide the densities into {»,, n,}, so that, in obvious shorthand,

dS{ny, ny} =¢{ny, ny} -dny+d,{ny, ny} -dn, (5.1)

Suppose first that the constraint set {rn,} =0 is to be imposed. It is
clear from (5.1) that

ds{n,,0)=¢{n,, 0} -dn, (5.2)

so that

S{n;}=S{n,;, 0} (5.3)
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serves as constrained generating functional. Conversely, let us impose
{¢,} =0, with the solution

ny=m{n,} (54)
Now, from (5.1),
dS{n,, m{n}} = {n,, m{n}} dn, (5.5)
showing that
S{n,}=S{n,m{n}} (5.6)

is the constrained generating functional. In either case, it suffices to sub-
stitute the constraint into the entropy.

One extreme subpattern now is that of a single species with hard-core
interaction of range p. Hence a =0, 1 and n,(1)=0for 2<d(A)<p+ 1. It
follows that for A’ 4,

”A',A~A’[150]: Z (_1)IAII|”A'+A"[1]

A'cA—A
=1—=Y n(1) for |A4]=0
xeA
=n,(1) for |A'|=1
=0 for |A'|>1 (5.7)

Consequently, (4.18) now becomes

Amax conn
S=—YnlInn+ Y <1~ Y nx)ln<l— Y nx>

d(A)=p xeA xeA
Amax conn
- Y <1~ 3 nx> 1n<1— Y nx> (5.8)
dA)y=p+1 xeA xeA

In this case!!'™'® the internal energy U=0, so course fF= —S. Note, too,
that combinations of hard and soft interactions proceed similarly.

A more complex class of subpatterns is that in which only some sub-
collection Bc A= {A4;} is to contribute to the interaction pattern, ie.,
interactions within 4 — B are to vanish. The simplest transcription from the
entropy viewpoint is that, whereas

Béosalol=0Son, . ,fa] for A,<B, x<0  (59a)
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the remaining conjugate interactions are to vanish,
0=0S/on, , 4[] for A;cA—B, «>0 (5.9b)

While (5.9) is very neat, and in accord with the structure of collective
modes uncovered in a free energy format,® explicit profile equations for
this system require the explicit elimination of the n,, , for 4, 4—B,.
According to (5.6), the elimination can be done directly in the entropy
expression.

The structure of the entropy functional for simply connected lattices
with closed interaction pattern is, as we have seen, local to within the range
of the interaction. If the closure condition is broken, as is in what are
regarded as realistic patterns, the topology of the connection network no
longer mirrors that of the lattice, and the resulting feedback loops may
conceivably impose nonlocality on the entropy structure (see ref. 14 for this
phenomenon in a free energy context). Let us investigate this possibility for
some familiar interaction patterns of a simple (one-component) lattice gas.
Since only o, =1 is nonempty, we can here use the abbreviation

nall.., l=n, (5.10)
and consequently

ny_ax[L,0]= Y (=D)"""n, ,., where A-A'=g  (511)
A A

The one-dimensional integer lattice serves as a suitable framework for our

discussion, and for closed range p interaction, (4.18) then reduces to

S= z Ny arlo]nn, gpla]

X,

- Z Ryyareila]Inm,  goei[a]

X, 0

23 (X 0 il L e,

x AcA? \A'=4

4
— Z (Z (_1)|A7A'1,1Aerl p 1n< 1)‘A‘A"nApT1_A>
Aca

x,Ac APt \4'c 4

(5.12)

Consider now the simplest nontrivial case, p=2, or next-nearest-
neighbor (NNN) interaction. The interactions are represented schemati-
cally, and then mapped onto a two-row triangular lattice with 3-site inter-
action, in Fig. 1a. The entropy is local,



Entropy of 1D Mixed Lattice Gas 237

§= anx+llnnxx+l+z —n ) In(m,—n, 1)
+Z (M1 =P n(n, =0y )
+> (U =ne—=ne +n o )In(l—n,—no +ney)
—Z Mo s t WAL 1 i
"Z (M 1o =M exs ) I,y =10y i)
—Z (it =M pmn e O It = 1)
“z (NPT NSRS ) | [ SRATE NSRS

—Z Ny RN N R
xIn(ny—~n, =Ny R cxi1)
‘Z Py 4= Myt x— Ay pxrt e xnst)
xIn(ny, _y =1, =R g i1 g s t)
_z Mot =Pyt~ Mert P xxrt)

XIn(nx+l Mnx—l,x+1_~nx,x+l +nx71,x,x+1)
- (1 _nxfl“nx_nx+l+nx~1,x+nx—1>x+1

+nx‘x+ s 1L,x,x+ l)

xIn(l—n,_y—n,—n,1+n, .
F A it T it A1) (5.13)
7)) 2 | 15

a)l //’2«\3/“4”// 5 2 14

1 3 5
LTI A
1 2 3 4 5
TEII

1 2 3 4 5 6 7 8 2
Fig. 1. Reduction of NNN pattern.

w1}
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which is a function of the {n,,n, 1, 7o |11, My 1 cxs1) and of
course so are the profile and the various direct correlations, ie., d¢ ,/én ..

To reduce (5.13) to the bond and site interaction triangular lattice
(Fig. 1b), we must eliminate the 3-site interaction. Since

0= B¢x71,x,x+1
= —In nx—l,x,x+1+ln(nx,x+1_nx—1,x,x+l)
+In(ny it =P gxcit1)
+ln(”x71)x_”x—1,x,x+1)_1n("x+1Nnx,x+1“nx_l,xﬂ +Hexit)
—In(ne—ny =M1t i)
—In(n, _, — My =P 1T Ry 1)
+In(1 IR Rt (el (NP o NENNE o (VESRNEPE RN SRS

(5.14)

this involves “only” the algebraic solultion of (5.14) for n,_, .., and
substitution back into (5.13); locality still obtains.

A further reduction to two-row square lattice (Fig. I¢) then requires
the elimination of alternate nearest neighbor bonds as well, and hence that
of ny,,..1- And of course, the associated 3-site densities Ay, 9. 415
Moy 2x 4 120+ 2 Must also be eliminated. A glance at (5.13) shows that the
equations B2 1=0, Bdr_12c2:+1=0, and Bho, 2412542 =0 indeed
allow one to solve for n, sci1s Hax 12020415 ADA Ay oy 12, 0—iN
principle—in terms of the relevant n,, |, n,., Bor 1 Haxy2s Hoxoxsts
Moy 1.2xs Mox2xr2> and 15, 5., and so the locality of the 2-row square
lattice entropy folows.

6. INTERACTION SUBPATTERNS II

A more usual technique'® for constructing a higher dimensional
lattice from a one-dimensional one is that of maintaining nearest neighbor
pair interaction, but combining several sites into a “higher-spin” supersite.
This procedure can be carried out in different ways, all of which must be
equivalent to the formulation of Section S, but may nonetheless have
notational advantages. In particular, it might appear from the examples of
Section 5 that the entropy will always be local. This is hardly the case, but
its investigation does require more complex interaction patterns, for which
purpose notation can be important.
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For nearest neighbor interaction, (5.10) reduces to the obvious mixed
species generalization of (2.12):

S= Z I’lx(OC) In }’lx(OC) - Z Py x+ 1(0(, OC/) In My x+ l(ab a/) (61)

where
n(0)=1— Y n(@)
x>0
nx,x+1(a50):nx(a)—' Z nx,x-f—l(as O(/)
a' >0 (62)
nx,x+1(05 d)zﬂijl(O()‘“ Z nx,x-ﬁ-l(al’ OC)

a' >0

nx,x+1(0’ 0):1_ Z Hx(d)— Z nx—#l(u)—" Z nx,x+1(a» O(,)

x>0 o' >0 x>0
o' >0
In conformity with our intended application, we imagine that each location
x is in fact a collection of D sites (where D can also depend upon x). Thus,
« now denotes a subset 4 =2”=(1,..,s), and the argument 0 refers to
the empty set J. On differentiating (6.1) with respect to n,(A4) and
By oy1(A4, A7) for A, A" # &, and using the explicit form of (6.2), we now
find the corresponding profile equations

po(A;)=Inn(4,)~Inn ()
+Inn, (0 F)+Inn, ., (&, I)
—lnn, . (4, B)—Inn, , (F,4,) (6.3a)
Boeii(Ay, )= —Inn, . (&, &)
+inn, (&, A)+Inn, (4, )
—Inn, (4, 4,) (6.3b)

In (6.3), ¢,(A,) represents a full | A,|-site “self”-interaction at location
x, and ¢, ., (4, 4;) a |44] - |4,-site “mutual” interaction. If we have in
mind a lattice of vertices interacting across bonds, only singlet and pair
interactions are nonvanishing, and any interaction is a superposition of
these. In other words, we will have

p(A)= Y )+ 3 b4 1) (64a)
ieAd A<iled
P (A A)= 3 bori(hA) (6.4b)

Aed
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with at most the set ¢, = {¢ (1), p.(4, A'), ¢, ., (4 A")} as independent
interactions. Thus, all but the corresponding set n, = {n (1), n,(4, 1),
Ny .s1(4 A')} are to be eliminated from the entropy.

Since combinations of {#} are to be constrained to vanish, (5.6)
would be applicable only if we were willing to introduce the associated
conjugate densities. But we want to retain the set #; as independent
variables, and so it is not correct to merely eliminate the n, in the entropy.
However, from the fact that the microscopic #; occurs as the coefficient set
of ¢, in the energy, we know that there exists an entropy function on the
space n,, with ¢, as conjugates. Thus, if the constraints allow us to write

ny=min,} (6.5)

as in (5.4), the resulting profile

can be “integrated back” to produce

_ag{nl}
B =" (67)

by simply turning up all densities », from 0:

_ Yo ..
S{nl}zL = S{in} di

L 08{in,}
= —2 ]
J‘() nl ail’ll
t 0 di
=], n, .-an—lS{lnl,nz} . - (6.8)

The only problem is that of finding n,=m{n,} explicitly, and this then
determines the structure of S.

Let us start our in-principle elimination with the (x, x 4+ 1) interaction
terms. According to (6.3b) and (6.4b), which are valid for all A, 4,, there
are (2° —1)? independent relations

Nexi Ay, Ao)ny o (D, D) _ Nex s 1(A1s o) Ay o (D, D)
nx,x+ I(Ala @) nx,x+l(g3 AZ) Aye A nx,x+1()“1’ @) nx,x+1(®a A'Z)

Are Ay

(6.9)
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Appending the pair equations of (6.20) in the form of 2.27-1
independent relations

Z Hovyi(Ay, Ay) =0, 1(A45)
= (6.10)

znx,erl(Als A2)=nx(Al)

Az

we can solve the 2?2 quantities n, ., ,(4,, A,) in terms of the two-site
densities #n, ., (4, A2). The solution is complicated, but this is a local
expression,

"x,x+ 1(A1> A2):fA1,A2{nx,x+ l(ia A/), nx(A)7 Ry I(A)} (611)

Elimination of any further bonds, ¢, ., (4, 4)=0 for some subset
(4, A)e 4, =2 ® 2P, would not alter the result.

We proceed next to the (x) interaction terms. Combining (6.3a) and
(6.4a), we have the 2”7 —1

nx(A) — nx,x+1(As Q)nx~l,x(@’ A)
nx(g) nx,x+1(®’ @)nx-l,x(@3 @)

XH nx(/l) nx,x+1(®5 g)nxfl,x(gﬁ @)
A nx(g) nx,erl()”’ @) nx~1,x(ga ;“)

nx()“j") nx,x+l(ga @) nx-l,x(@a Q)

X ; —~ (6.12)
/1<1,1—'[g/1 nx(@) nx,x+1(il ] g) nxfl,x(@s i’t )
to be coupled of course with the single
Yon(4)=1 (6.13)
A

Equations (6.12) and (6.12) can then be solved in the form
nx(A) = gA{nx(i) nx(/l’l,); nx,x+ I(A,7 A”)a nx— l,x(Ala A")} (614)

But consider now the joint solvability of (6.11) and (6.14). If D=2, all
n,(A) refer to vertices and bonds; since these are indeed our independent
variables, the set (6.14) is irrelevant, and (6.11) yields, via (6.8}, a local
entropy, as in Fig. 1b. If D > 2, substitution of (6.11) into (6.14) allocates
both n,,, and n,_, to n,, so that a difference equation results, with of
course a nonlocal solution. Locality is therefore broken at this level.

822/60/1-2-16
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7. DISCUSSION

In summary, we have seen that the entropy functional serves as an
effective tool in the analysis of lattice gases on simply connected lattices,
as well as on non-simply-connected ones which are closely related. The
halimark of the entropy in these cases is that it is expressible in terms of
an entropy density which is local in that it covers only a finite range of
sites. This expression may be complicated, but it is strictly algebraic.
Locality is convenient when it exists, but does imply a rather sparse
phenomenology, as opposed to that of more common non-simply-
connected lattices, in which feedback loops exert a crucial influence on the
structural thermodynamics.

While the development reported here does not bear directly upon
problems encountered in such realistic lattices, it does suggest approxima-
tions, largely well known in the literature. Simplest is a direct transcription
of (4.18), totally in the spirit of Bethe’s original Ising model approxima-
tion,"* in which a lattice is matched locally to an appropriate Bethe
lattice. In other words, we now reproduce (4.18), but choose the sets A of
the lattice in question. For example, for a nearest neighbor interacting
square lattice, (4.18) would transcribe to the approximation

o, o

> 1

S=3Y n o) Inn(a) -3 Y ong (o, o) Inn, (o, o) (7.1)
x {x, 9>

while expressions of the Kikuchi type result’® from choosing a nominal

range p > 1 and eliminating the unwanted (two- and) multisite interactions.

It is also to be noted that, in the form

S=—> n(a)lnn,(o)

Y (@) my(a) 8o o) In g (o, ') (7.2)
(E ]

B = pr

where
g.(0, &)= n, (0, 2" )/n. (o) ny(a)

(7.1) and its descendants have suggestive extensions to continuum fluids
(see, e.g., ref. 5).

The approximations typified by (7.1) are of course tentative, since they
address the question of interaction loops in at most a primitive local
fashion. A next stage is clearly the analysis of true multiloop networks.
Some first steps in this direction have been taken®!” in the context of free
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energy density functionals, and preliminary evidence indicates that similar
techniques will be effective in the entropy format, with similar qualitative
consequences. This work will form the subject of a future publication.
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